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Techmical Notes

Two Media Frobleme n Twa Group
Meulron Transport Thecry

Yu:e Lshagure and Robeestn I M Garoua

fuveir o) FA g

At g 1§ ldm

' rrase % Far ke B oz

Hrcereed ity o fw s
A et Ap 1 04 fuE

AHYT R AL

FPleoare maufepM frmapm el prghleans reeolienn o
daffcr wd e dea @ve salnod rA fna gpreop thewey far
Jspfiufre sedilerisy Bosed ae The Stdpeldr elpes e
Itor cifvedstod  Selufion of thr frdwiport  e@erilon
Thes wnrk hax twa purpesed First of o5 shouen that
twy medes probiems o Moo group (ieeyy ron be
reduced I reruldr cotthetalions] forms atap e
kalf runge arthoreeedely heorem  second @ safpo P
aof bemckmgrk acipafies theee madel prodfems are
defeard gl thedy aclulions ave reparied baked on ad
aract thanry

I INTHODUCTICN

The 1o groop neykron frankporl equation for 1eotrople
sratterang i plane geomeiry has been sludied by many
repcarchera un the mngular sigenfunctian expapsign meth
od  The brsl work was reporied soon after tn!e g roeduc
tion of the rmethot by Zelazny and Euszell T bul Vherr
compleleness argutients were nol quite conclusiye  Sorme
peera lster Siewert and Shieh ' following the work g
Aiewert and Zwedel opn 9 apecial case of the FHMAH,
Aroup model rigoroualy proved the Nl range compjete
neea zhd arihogenality theorems and analyzed (he discrefg
PRECIfUm  Bomn atiempls were made to molve  byjl
space’  and elab” * praoblems bt sl waa netounng pRp
half range complcteness and arthagenslily thearems
wyre eatabluhed' U that these oroblema were soleed
% concigs mannér  Half space problems™ are soleed n
terme of an H malrix that can be oblaned numericaliy by
& rapudiy converging iterative achems and slib proflemp'”
C3h be cobvérted to ayetems of regulas inlegral equations
tor the @apangion coeffuwcwenta whch can then be solved
by numecical 1terations

Problems inwplving fwn midis however have remained
unsalved Lo Iwg group theory elthough 1n the one group
model gome problems have been anlved waing the twa
media orthogonality relateons" and by other methode * ™
The difficolty 1g that (he use of the full range and half
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rangl vrihogonality relallnoe does oot cemoer gl pimgy
lactiies 1hal ace inhecrenl e Lhe Caxe melhsad and that the
numarweal =njutien =l ihe resullng sinaular integral egua
twme mvnlyre nuemericg] ddippepliations Furthermarn
twn meddiy ceelhppnnalily relatiing bave pol been fognd in
twn priogp theney Jauhn gnd  Rajambko piudied two
media problems mulll.grmp thenry hut ilhey did mok
repnel amy oumeértcal reeulile and o gppoare rather
dioMa-ull 1o rtbtawn nuwmericel]l resclis Bpeprd an Their anal
¥ain  The fDirst nomercal resultp Jor twn medig probleme
weye teporied LY lehigore and BMaisrine  walng o tnélhod
baged om the hall range acthagonality velatlons and byaeh
ance principlee  Their melvwd however 18 applicable only
io lwo hall space probleme Thue 3 genoral sy stematue
meihod o solve various U0 or fuellislab pooblems bas
been lacking and mdny model probleasn o Pratsport theory
have rerodined uosolved

In 3 recent paper ' lghiguro proposed & melthnd of e
kind and reported sume wmoerical scloicofd 11 Gme gErddp
thegry  In ilhe present Nole we ghow Thal bwoe moedig
problemEe 10 U0 Eroup neolron lranspact iheary for 8o
irople scaltertng £an be converted 1M a sIMUEF Manner to
a g€l of ropwiar 1ntegral equalions for the coefficienta of
ke Casge eipanewne and sclved aemerically by a standmrd
lterative method We veport numerical results for three
mrode]l problems baged on exact theary & two reglon alab
with an incwdent flux vrlieality for reflocbed slab peac
kg and ihe cell proggem  We ben by sutnmatzing the
mpihod of regulivizalion god the Gaele theary

1A The Yeinod nf Regulaneation

The methid o derve 3wl of regular integral eguolses
far the exparsion <oellcwnts (rom the gt af aibgular
miggral :qﬁqllunu ihal resulls [rom boundary and wterlace
copHEoRs Fap e sammanized in the following steps™

L Al yn Interface aeparate the comtlamtby comdition Lnlo
two egualione one fer . e (0 1) and lbe other for p €
i1 o

22 To e p o€ 0 1) équation dpply (e ball range
orthogonabity relaliong I3 the ripht oedingm

2e Iomthe w « [ 1 O equation change o and (hen
apply the orifjpgreelity relationa for the tefl madium

An If Bny singularity remaing in siep £ conpldar the
inlerince for bouwndery] conditbon far o p > 0 st Lhe left
boundury of the lefi mediarn sod generats the a3ne olapd-
lacity mubtract the resull Irom the eguaticn in step 24 and
remove the alngularity
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ik For step 2r congider the right wbtetrface of the
righl medium and generale the same singularity lzom the
W0 egualion

4 I mnguizritees remaimn in gtep 3 repeat the prscess
generaling the sane awogularities at different olecfaces

Although the cqualion for 2 diprreie cocflicweot ie
alwaye found to be repulac o= apply Lo thie =quation the
game operetiona a8 thooe epplied to the equation for the
corrarpomding continuum coelflicient since the convergence
ol iteraticne 18 scmalimes fasler and the discrele and
cemtinuem coslhcianis are obtawned in the aame form  We
node that for 2 symmetrae geometcy the righ! and left
Interfaces ara mgulvalent

1B Eolatsan of MAe Tronapord Eguatson

The g group neutron trangporl equallon far igolraple
ecaltering can ba wrilien as

EYTEIPRS TSV A (P t

where lhe mpace variaile © 1e meacused in unta af the
mean (res Rlﬂ‘l tor grmp 2 neotrons A8 in previoos
works ¥ M * g apsume that the pcattering mateix G 18
oeither diaganml nor triangular and that del & ¢ 0 and
Introtuce a3 matrix P defped an

[fﬁ‘- I.I'r.ﬁ'b!iui n]
P-1 2 1

where j, ars the elemegie of 0 Then Lhe solutlon of
Eq (1) Ls glven by

12}

lix = P Miix ) fa}
whers ¥ix 1) 1a the solulog af
w e Bt =6 [ 0 g )

with Ihe symmetrized ocatlering toatein given by € -
POF ' and where the clements of F qr# Zu =0 Toy= Fa -
9 4 I =1 .o

The general mlation of ER {%) g3 ke wriken’ © we

s u} - ?}. {A Ly, H(vi o) mxpl x 0

+ AL v bl v ey A ]

s Jp AP A (v wempl 5/%)

o AR e phexpl o) e

+ fa AP0 dexpl z/dv (£}

where [he A B are SXpAnglon coefficients to be delermined
by the boundary condliion once m Epeefle problem 1 con
gldered and discrete eigenvalues ey are the zarom of
dat Afz) with

At =1 2 Kz pdue 8}
where « lelthar 1 or 2¥ 1 the rumber of paire of the

discrets sigenvalumg and the eiganfunctons cwn be writtea
a8

Blawy ) = oMy 2 GCIN) [Ta)
v ) - Loy G+ B Al ) r=1 1
v ¢ Regton (= 159 170} (T

and
#"N0 ) - el W0C « 8y Rled e vl
“g Regeemi® {1 14600000 1) e}
Herw
»
P a— 0
Kigw - | %8 F (an}
a _F
LAY
dlow 4]
Blwry) = [
i n aie .uJI] e
1
el = [n] 19a}
Tl [*:] L)
t 1"‘":}
Ay - L“M 1)
LT CH)
e = [m.u }] il |
and
Alvd=1 w Jﬂ. K¢ wdut (16

with | being o 2 % 2 identity matriz

‘The foll range aod hall range complaleness wad octbeg -
onality thaorema reg the salutlon given by By (5)
have besh establinbed * 1

Adtheugh the sBolution haw besn whed o previoos
warka™ "M in the form of Eg (3] we wrlte the gapergl
modutlon In 4 mary enmpact form 1a

¥l = T LAl Wepl )
s AL o -0y el S
v L' W A0 expt 2430
o W AT V) eapts A

where thy ddecreis sipmfonclicos are the some as In
Eq [Ta} the conllmum eigerohunction iz o 2 x 1 matrix
daflned xa

e p) o el + By di(e] i)

amd Alr) are two-vector expaneion costficients  We nnte
that ihe sgpaowisn givan 8 Eq (11) i nob the general
solabion of Eq [4} |f Alty) are arbitrary for v & {1/ 1)
Bowever e later equabons gbow  Alrl are alwnys
found in pur formallam 15 be proportionel W '} for
velija L} and (hur considweing Eqe (5} [T} and (9} ww
can write Eq (5 In Ihe mary commct prm of Bg o (01
We always depiriats podltlve gnd sepacive oigsnwslvsd, &8
in Eq {11] and upe the eymbols v § and n ba denota
posibive algsnralots

1S The H Malrix

The H moririz introdoced in Bl 10 playa & peincipal
role in the hall range orthagooality theorem wed hap baen
discusesd in debadl In Rel 11 Wae liyt pome of the
dqudliang it paliefias tar vae 1o gur problame

‘Tha H ratrix eatladian the integral squetiony

{11}
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Higialzl 1+ 2 f P 8o “—“"*-,- c i1 U fida)
and
. J|_| ,
v f W LCTI D wi 'L '
i11b:
wharo
N
Bl
4} L
Al Linr pe 10 15q) ana wiuwb 1 mherwise 4]

To ralcolate the M malrx numérlc.ull:.' WE an une the
eQuetion

- of
Hizl 1+ zMizhT pr Hilbld 1] |.LL+PT EN N 116]
The digperaizn mabrix Adz) ran o Ggetored i lerme of the

H malrik ac

Hi zICHI2IA] & AR {1E)
INhwe let 2 — v £ pfl 1n Eq (13a) we can find
R - be v f Fiens L oaee e n 1w

Zince the emistence of 3 whique solution af these equationg
has been matablighed wi yue thetn feeely in cur prob
lem for example we have from Egq [14)

R N = L A
[laa)

and [rons Eq (17}
v, e ;P—“ dk € 'k HWALHE K

vt R (18h)

for an arbilracy 2 = 2 matrix b We cali these eguationa
colleslivaly the H equatiohea

1D Falf FRunpe cvthepotality and Helaled Miegrals

Hall renge orthagenzlety celateeng of the eigentuncbiona
are mwen 0 Rel 10 However saned we uage 1 dlffecent
foem B writg the splabinn we redelme the sdvcint fune
trome

The diacrels Adjrint yector 16 the pame 23 wn Rel 10

Blvy ) - v M, phiiglH e BRI v larwe,  tlel
(19al
We deline the contimuwm adjoini matrix ay
Ble ) = [oKlk il e+ B et e D)
19k
whers the ayoumetee matrix
Wi - [N"M N"M] At v EFGERT fal]1 et
N3] Myudel
1201
im the @ame matcur 3 wae ueed v Ael 14 and
I [::::rﬂ] ﬁ:::jo]] weta 1) 21t

Wikt I, being the elermonte of fhe H matoix

a

Welh kst wdjoanl Tenclions dhe arlbkggonality relalone
cak Be wriktlen ae

I By, plpdn 1M, i22a)
Flane ise i @ i2zh)
ol iwe pipde - ¢ j22e)
and
Fodte wie AL gy NlolAWDSe ¢} (224}

wheve Alvl inihe laat formula 16 an arbalrary two vectar
and the N funchigng m Fge (20 $2Zal and (22d) are given
explitelty 1u Bebs 10 amd 13

Smwce we need varuus hzll cange inlegrels ol  the
prioduct of ejgenfunction and gdjoint Junctien we Bummea
rize acime ol these formulas here To mmphiy the nole
tion we el

Frb=Fivich et i23a}

ol
B = ®acH e ! {23h)

Wheh the ewgenfunctwon and adpcont helong o the adme
tngédivm  we can evaluate the following integrals uwaing the
H wqualine Lo cbhtain

- (L] —_
I & 8 e, ppd - — ’w Xiv 1M v, 50N} 124a}
-— [ L — 1
J i v pdn - — Bl W e {z4b)
- L - 1
J e om e - o M T ) (24c)
and
- -
fn Bl 8 ¥ uda :% XiH e o [24a)

If the cigenfunction aod adjowl belong to dellecent
media the miegral of ther product 18 moare mvolved  All
wnlegrale tan bo periormod hewever o we decompons the
K malrix ak

e P
(413 ,l-l.:l-ﬁk +nk. WESal
wilh
k [ . D] [Z5h)
n o
and
o a
ky - [u I] (z3e)
and uge the H equationa e g Egqs 1181  Since theoe

Enrmulas are rather lengthy and mince the laler equations
[ac the 1htwe pmhh‘.mu shivw mopl al them cleatly we
repatt Nere only ooe the smplest

[ ol whistal 0, pbdn

Jljl{u'l[-----ﬂ il
D], 1 0 By

=GC I In,)

. n f
W e e 2tk
[26)

whatre G 16 & Magobal T 4 2 maleix and Hhe aubacripla are
uged Lo refer 1o the media

We nole that afméshg 1le varwuFR bniegrale  Involying



engentunction  and adjpoanl  only the lolfawing two are
angulas giter integratlon over o

fo vt f) #tn ainiinds wme@ 1) aad
2T

and

L c# e e[ e A e ap vroclol)
(28}

wiwre E{v} Ig o 2 x 3 matrx  Hera we notice a diiferencs
belween one group and Lwo group theories in thet in one

group theory the inlegrzl corresponding to Eq (28] s
regular pinde it reduces to one correspording ks Eq (224)

Finally (e following integral ua of intereqt

£, 8t = ERIO) CHaE {81
where Ma b 3 momenl of the H matrix
Mo = J BIHGad . 30

O THE TWD HLAP PROHLEM

Wg conalder 2 slabh of thicknege o, of mediom 1
[ = x = &) adjacenl to another sl thickneagg oy of mediogm 2
foy = x =2 ¥ = o + @) brradiated on the 1 - 0 partace by &
flux of neatrons flcd we (0 1)

Wa wrile the golutions of Eq (4) an

[}
#ly ) = ;z {adrgdmiv, Werpt xfv)

+ A vl v eapl w0}

» J, Ve A expt x/vd

+ &l v ptdd vhempl {8 =l tde F=<x =g
131)
and
(i = 5 datniein ol b5 /n)
+ Axl-n Wl pdenpl G - x0m)
o ) ety wAdn) expl (s 2)/m]
sl oplsl e & Ao @ = w o=y
[+ F1]
mubject to the condiilons
i -F fil pe @) {33a)
iy J=0 e i 1} {33n)
amd
iy 4} = Gl u) a1 1) (33e]

We a1amume conaidering the dats seis lor oor calcols
tions that {(he groups are similarly ordered for both
e n?d thug the roalrin G e diagopal and glren by
ﬂ = Fj'l

The conditlons ai culer boundarles Eqe §32al and 133b)
result in the pguatime

:E: Adeim vy ) o f) & DA A = P :a A vl vy WE) - S 00 v AL VE ) dv

and

£
Al st d ¢ [ ety el iy

= T Ani nowEo [ 6y By

pe i} (AB)
and we write Lhe Inlsrface condition Kg (4% In twe
eguaHaona

rﬁ Al vites b+ f, 8,00 WAL Ddv

- L A 0B [ e aEG) @

+ :[': aQ [ At ne pd + Al st wd Ealmyl)

s [J Gt maldetnd o Syin el QIEdICR |
pefd 1) ()

and
T, Adttd batn, 10 + J; vl wactga
= ?jl A Ay B e + AL oM vl

s f) 6 [aute WA IED) » i v ik ¥ikd
AR S LA
i

£ el 0 wat niELim) e

whers £:00) = expd 0,/8)

Our alm Ly Ly Aerive & del of copolar Intwgeal squapions
inr the expaesion covicients o that the coetflcinnta can
be Foomnd nurierloally by & slandazd Lerative method 18 w8
rpply e hall range orthogonality teorem o By (34 Le
roultiply Eq (34 b pdi0 0 £ 2k op ¥ 1D 1) we obtaln

pe 1) - 11]

Alv w A w B e DR R D) E1TY)
and
A = A0 e AR {3ab)
and In the mame way we obtain rom Eq 136
Ad m) e AT InaRdnNain (%o}
and
A o} = - mdG T )
where
At = NTU0d ] v Rpldpdu (4on}
v ateh s N0 [ RO Pl {40m)
Tig) =+ F:ﬁ ML e AL v Bl
¢ ] S W AL B ")
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111]



and

Tolt) -5 Hy 3Gy Matn i)
1

2

Wexl we apply the orinogonality theocem for mediam ]
ta Eg {36) to 1solate the coethiceenls on the loft pide  After
Integreling over i the Ad 0} lerme remom to be princh
pal walue inlggrale for £ - ¢ Following the method of

H  (nhC:Auln) Eyimidr 142}

&

i-l-i;{f jﬂﬂ [E:IB £/ o) o ]
q L

and Imteprate ower woc [ 1) We fnd on the lel alde the
aame  SOgular anlegrals  but wilh Aifferent expomenilal
funcllons &8 thowe from Eq {30} Then sublractng ihis
repult Irom the previoue aquation we obizin eqguations with
removable aingularities

43}

A v e v e B e e | (4dz)
and

Ad vl N e} (44
whirg

regularlizatioh gummarizod m Bec ! we meltiply Eg (23]

by
i » ' ' L

Yokl F — M v JC B [ A (e 1 Erde § f H, el A B du
2T LT

+T {m W e folia[L Eafeak feadEatns)) + -

o7

e

ol Hitt dalt .-'rﬂ'l.}llJ[Et[ll.'] E:lﬂ':{a"ﬂ.:‘] “+ 7

E H, 'y w1 El“.:'ﬁ-ltﬂi”} G LRyl A m,)

Lt T H ' nedha (£} E-':EH}GC.UHII;M:{ nl
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T 4+ Mk
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e {

ran ok
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Hdmfmm Mdomio kB Felputfont] » g HunCs 'Kkl Eale) s.te:llum,: ) dn

H.ﬂ’ﬁh[ﬂuhl aﬂt”} h Gk A rldy 45

[n the sams way we flegt sldply Eq (370 by WlE wb =0 orne i 1) wod Inbtgeate over pe {0 1) next we

mulbply Bq (34) by

.._I | E:[“'z!.l'rﬂl:l Q ]
Bl G f . 48]
Lntegrybe orep g, and then subilceet bebsden the two ppeglia bp obtale
Adnd e A + w1 (47a]
and
Al - ARl + N i Rutnl. G HTh)
where
£, b f
Al = %'ty [0 R, e ‘[ o/ ] P ety (o)
oy}
~ a
Adin) = Mt} [, Blp WG '[E‘{“”f“ : ] P fulpdy 4Em)
L E, in)
and
Yip - F o E“l"’l‘i}caﬁrltﬂr]ﬂ-:f nIBn fo i He Gl AIE )

+ ;E;: T u_! H: :ﬂ’ﬂ-".r."’v‘r]h['L Bl Jhtfﬂlfa"m]‘l
W o S Eale) Fﬂu.{.ﬁ:;]l 4

Hattmeia ikt Ew] ElgE o] +

ot
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}’{

:r.b'+v£

ol

. f
fe,

H slhoge g Ca e L tﬂl"fﬂi]kl[ Eilpl

o, af
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Eumfmh] +
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Equabions (X6) (32) {44) and (47} are our fAnel aqu
lions lor the eoelfflelents A1l mingulazities are removed in
tarms of the expsmwentlpl funciiog snd therefore numerical
werationa tan be periormed in 3 standard mannar [ 1n
clear lrom thege egquativom thil s was manticned before
-thewoﬂntlnuum coefticeents for Aegion (& are propertional
i

We pote that 1F we lec oz = 0 atl terme in ¥y except the
Dirat two vaniph abd Eq (44} together with Eg (38) ra
duces ko e eame of 3 single elab Bimilarly 1o the Hmil
a — 0 Eqa (39) aod (47) peduce lo the cane of m zingle
elab of medbom 2

I THE CRITICAL PROBLEM

The crillral problem for bare reaclors Bas besn sobred
by Krizae L ol ¥ We conpider here (he cribicsl problem
for reflected alab reactors o typicel lexlbook problsm In
diffumon theory  The 2o of wallplying medium L
extends from o Lo+ purrpunded by mfinite reflectors of
npnmwltiplying mddiath 3 We asmume that both medis are
specilied and hup vur sisd is b Jebtermine the value ol o
Juch that nemtpiyvial golubison exuel

We write Lhe aoluticns of Eg (4) a8

e r,. Ady iy ol axp{ ix + /e ]
+ T Aduind v enp] @ e
i

« J) iy wade) expl 15+ @)/ ejdw

o L wi v pladvieap] te xi/vldv {50}
A
hix - )rj At Cr, el expl (x adig )
v J detn pialniexp] (x oiimldn (51

The symmctry condition and (he eondtion for | x| = = ore
Alresdy meorporaied [ the eolublons  and wee copeldes
hwrealter only & = 0 The remginng cootinetty conadiban
al - & can be written 0 bwn squetions for pe 0 1)

5 e W + [, By sddeivra
= 3 Al wER) [ R AR

2 T AandGtet n, @+ J; G o uddatnidn 15%)

and

T At )+ J0 in datnidy

= 3 ARG Wty WEWD + T AWIE b
ra i

« Jo G b A EGde o« [ B e A
53]
whare E(f) = eepl 2a/f) For the moment we aarums that
¢ ia & giwen cooetast and mulkply Eq (52F By plhlE

Ezy or ¥ e [0 1) and Integrate over W (0 1] to obiain
equations for the coalficianty

PRI |:1 + % v.m‘tu.]‘.i.:u.lﬂ,'{p.m.u.t-,m{p.]l]
¥

'PJNIl:rljf:lhrI: Yilw)l iIx, ”m

t H-'EH-!E-I.IHI-'-}E[P;M;[#.J] {pd)
Ay = W, ‘{wir"‘;:v:[mv: T
= Hy '{"flﬂulﬁiw}ﬁ'{w?d.{ﬁd] {5%3)
and I, -2
Alm) [1 + 3 Ny DR, 'tmc.mlu.isim]
= i, '{u.ﬁ.tu,j[r.w,: y'%
uu:‘tv.mu.tmmu.u.{u.l] (38b)
where
R S P
# GEolh iy 1AIN,)
* J: [ﬁ"{ H; oy iy » E-ET H, 'iﬂ:h]
x Qb f i M IO B
{58)

Birilarly we znuliiply Eq {63} by sR{f @ &=y or
wodl L} med integyate over o ko isolale Bie cosfliclents In
the left mxpangion  Tha Ayfe] term oo e #ighl wide
remuine slnguiar KNexn we multiply Eq (33) by

Efowi foid L
{£ wa ! [ ]
uhig [ ELL)

ard Imtegrute owor p¢ (0 1) On Uwe left elde wy find tee
saire alhgulazr Integrale with differenl sxponectsl fone
Hooe a8 i U previcus squetion  All giber {erms ece
fegolar  Then mublreciing the laet squetlon fron e
previous ons we obbain equabices with remorabls slngu-
Inrithen

o) [t § nantinadinn e tmicavitnd]

a7

- it [ 10610 + 2 =Tt -0y

oM
3 Hy O B, 00y m'-lh}-hi’l'f?] |ega)
and
Al = e ) K
u[n 3o T b MO .1]
o} ¢+ 20 5o PG BRI i b
(Bab)
whare
(=9}

Hﬂ = [Etﬂltfﬂd i} ]

a (1]
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and whake
.l F i[mu—:lu—l H dow Ao Mg ll  FOe beloed fad] + . "*
5 {ulp_ﬂ Vﬁ H [uve o)k |flr)] Elogbiod] s

O .
s f {mu o wiaadk (1 EEEf )]+

1 dz
* J‘n & {ﬂ m
1 =8 - .
* .-[ Cy {m Helopr /g ih [EAV]  Eldel o)} +
1 n
WA
‘The condibien ol crpticalily £an be incorporated aa the
condilien of nontrweality of the aolution  IF we rermolize

the solubm by Laking Aw] = expledsl Jpe eribeal
hall thickness cl the core m goren by

£
Hi "(RIECE)C wlsl )

TP ? IR AD) 1}

where
LS TRANr AT RN AR (#2a)
gnd

D=1 « oM e b X {vy) expl afe)
L3 [l’.ln! rl'il |]

Fa
LI

H, L{l“ljcl Lt Bl Llﬁ'ﬂ]

{82b)

Equatians {55] (58} wnd (61) sre our hinol equetisns ta
be golved Dy nymerical e rabone

¥

HFA The Case of Foale Reflectar

If the tuckness of the veflector 18 Nndle the core
aclution Eq {500 i the mame bBul that far the refleclor
hxa b additiemt Lo Lhe axpanpios 18 Eg [B1) two mors
termy coprepponding I negative eigeovalses  Cooes
quently Lhe eqguillosn for 4] mupl he regylarized onca
and  that Frr Ax(n) i two eieps  In addlfwn we have
equatiphe for Ayl 1) and Ayl n} which are of Lhe game
farma a& Hgqe (30} Wa du not ek hase equaktlons hers bat
wimply note that the functionais ¥i(E] and Yol have scme
additional terma and that numariral sclutons can be
obtatbed th the smée way as [or the cxse of ndinite
rellectors

I¥ THE CELL PROBLEM

We conslder bers an Inhnmibely repeating arrey ol o
elaba of dlsmimilar mediz as 2 eloplified model of fatk
plate fuel sesemblles and aneiyce a unil cell conplptlog of
@ ball slab of medivm 1 § &, = x = 0] and w half ainb of
mudium 2 {3 = x = gy} with the condltlon of symmelry with
reapect bo the boundary surfeces We ossume uniform
sourcen of neutrons In medlem 3

The symmetric sxlutivne cao b writien e

i ud = B ) mErsg 168
and
Dix ub 2 P alx i}« Manlx pl [N 4

Ll

7
+
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ﬁ.:vm "Ra [y [ farh EmJ}G 'id [vidw

Fatuma [£1] E[;u} GO0 eI A (e

=0}
whers )
Rix b - B Ao e phevp (s Zaiv
' o Wl v eeply Al
v J 18de whexpl 15 + 2 )iv)
+ 8,0 v wrexplx A0 Ay (vdp (3

®olx b = E Ayl {etn, ) enpl 5/m)
+ Wl oy exp] (Bay xS
o Ll i8uin dopl o) + #al g Wenpl 123, R
* Asinldn {8)

LU
Qopiy = (B &0 'Pf

with & being g eppuiand Lwp vecior
We writp thp eonlpully eopditon in two equetions for
pe o 1}

T Advl b o S it pduie 1y

T

SGRAD W T Al bl
i

L ai v wad im0y 1av
. ;‘}L Agl Gl 7 o} + Salny ubEatal]

+ Jralbt 0 e bin BB A Y 6R)
and
E Adndbin wa [0 Wiy wdaln') e’
= welo e :_,_“:. ALIG iy WE v » 8 v, W)
+ J;L Gl WEAR )+ Wl ¢ W) Ay Jde
:L!I Al gy WEdR;
Jo Wl n WAty 18utn iy 88}

where Eikb = expld 22,/
in this problam becauss s dre acheally dealing with an



Inliete array a4 piraehitorsard application of the method
of teyulacueation regquares am nfinite number of ateps
Thin 1§ duc 13 the [ack that at cach etep we mubliply an
cquabon not ooly By Che adjoant bunctinr Wil aleo by a
malrix of exponential functhink 2w 1h Ega d43] [46) ond
15T} and ihatl the integrals of (he Lype thal appear bk
bEq (M) are mingular alter integralion over 4 In one
group theory 1nlegrals of thg Iype are reguler and the
regularization 1& accomplizhed after & Nmite oumber of
ateps even lor an inlinite areay of multialab cells

Howayar the werles of operations required for oor
problem can be semmed wp micely and we cam derive a
repulacized equalion for A (¢} by the lollowing sicps

1 Muluply Eg (88] by ullv uw and integrate ower |
Om the leil awde Afv] 18 1sclated On the right side the
in W lerm rerdatna alagular

2 Mulbply Eq (98} by

Eiik) o wiag)

R 1 EJEJ-'LE, a',u,-_"ur;i o
(o
bty ! FL{VIE, (0} )
0 T B AR
and ntegratc over p The #{a ) oot duiy’ 4] Lerma

remawm amgular

7 Mualuply Bq (59 by

_ Edoiy ;
uikle G 1 E ehE; o e fmyd L
0 R vl

1 ELAE

A integrele over 1 Again the dlr W) and Syt W terma
remain mingular

If we now wdd thres reculling equatmns on each mde wa
find an equatian for A0} i which all eingularibes mre
removed i lerms of exponential fancbione  (Ryrloualy the
aquation for Asiv} can be regulariesd pimilorly

i Mulliply Eq (B8} By ].i.i{ﬂ ) and integrate ovrer u
2 Mulupily Eq {88} by the folowing and inlegrite over

n
Elh‘:’jfﬂ'l}-sj{lﬂ a

. 1 - Flogn o) Fyl)

il g | 7T B, Esla) )
° 1 EnEm)

3 Mulliply Eq 188] by the Tollowing and integrale orer

n
E/laynse,}

il s+ 1 Eddoanfo dEln (T3

o Eulp)

1- EimE, (g}

AE ity prévious problema we apply these opecailons to the
rgualione far he discrets coefficismts alas  We obixin the
fllowing equations

Aqdw;) [I % i-‘:”f"ﬂ]i.in!ﬂ Yeabdy ey I-'i:lcuﬁ.lw}]

= AT+ e e ) [EL, [ BTyl vy)Aalv)
Ft
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» [ Tabve v Male 3av « B Tober hibdatngd
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e Jo Falvs o 1AM };q] {r4n)
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[
* .L' ¥olv v b v bde + ?j: i AN ENE TR
AR ACE TR Hn] (Tdn}
il !I[l %nN: Yo MXaln iHa [ Msln g ]C..U:{ml]
LT PRI X [E CRRRT AT TR
[

w00 Fin n ity e o ?_: ¥ Ut w1 A lvy)
1

+ ) vty vy mp] 5]
and
Aainl = .ﬂ.ghﬁl - qﬁ;liﬂﬁ:h} [;’:‘:I ¥yliy r;,M:EmJ
1
+ _,'; L AVE BT LR,
VI e e f) Yain s A ]d'ul {150
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wheee A% gnd A ore ronstant terme due to the soyeca the
Jx prel = 2 nultlces of exponential functicns and the Fa
are knowy veclsrp and matrices involviog the H melrices
and expatentlal fongtione eimmilar to lbe sxpreseions that
appcar v Eqm {#5) and 4B} we Limt ihese Tuncilons o Hee
Appendix

¥ WUMERICAL EEALLTD

Computaliong were parformed on gn [BM 3T0/155 eokg
PuEr iR gouble precigion arithmetle gypng standard Gags
A quadrature sets o represant lntegrala  Our remgiis
reporied hers are obtained wsing w 2¢ and a 48 point el
1n Lhe mtervale (0 1/0) and 1750 1) yespectivaly The
accuracy of erative polullane depende on the guadrahip
pete uied  Becpues of long computation tlees we did oy
use any highty arder quadrabore seld wnd the pecuacy of
our reeulie im gereraliy Nve or pix pignificoot figoren ap
vorified by caleulnting moments of varicus orders of the
nquallong for the bousdsry and miardsca condibione

YA Cross Saclion Seia

Several crops mection pels for bwe wrodp ealoulntiong
are available in the lltersture " '' Fowever since in
two meedia prnbltmu the group <mefgiol must e com
patibte »w haws generated L crogs peotion ssle given in
Tablee I knd 1L udlng the XEDRM cade ™ Tha sotire energy
range (0 < F < 15 Me¥} 12 divided at D3 2V [0 1904 &¥ In
Lhe codal bo giea thermal snd faat enerpy groupe

Graupl E< 0] ¥
Group 2 A =03 aY

This dWidipg energy may be cooeldered o low [or &
conrentlonzl divieien of thermel and gt groups We bare
gelectod (e viluw to kenp tha mairix {) from beroming

trlangulir #oee for bigher dividing ooergiee the wp
ecaltering «<rogs e tor bacomes quite pmell  Bete 1
through 4 are calcplated for infinite media To celcalsts

W M GREEN and £ N CRAYEN MSDRMW A DHecrete Drdinade
Spectrd] Avttipeng Code ORNECTH JHME ik Rldee Baitonsd Tiberginmy
11963



TARBLF L

Mefnillen of the Crope Sectlan Sets
Eet Materinl
1 HO
! Ho+B B/ - 22000
2 H + ™0 04 = 11000
1 Hoo + % U USH = 17500
5 er

#Et 5 we toak e mmoroscope eroed pectiens Tor *YU from
ihe cplculalon of get 3 and mualtiplled them by the normoal
denalty of urdnlgm The hpelon crosg sechons ara leken
Lo ke dera [oF URe in Wthe el problem

The elements of the mairicea X and @ ave caleulatsd
Irom Lhe dats sate ae tollows

repdlls are for @ @y 1 amd we oge tha natatlon {get :
pil rb 00 dennte (hat mel ¢ o8 emed f9r medugm 1 and ael p
for medium 2 Thr group: I acalar flux ix upchenged to the
thipd diguls with the reversal of the medsa The porober of
{leratlgre jm 3% and Lhe computation fime for ong cans |n
-1 mun

204

LR MY g, = by 4 g Fey R
VA The Twe Sab Protiem =
»
We consider three <ases of incidenl flox
n 104
Jlui -2 [1] rege 1
. 0
flu 3p . cape 1
1
ard
a 1]
Mk = 47 L] came 3
and uee sato 1 and 2 for mample calewigiions g+ . —
The scalar Nuxes are delined by 0 1 2
[} Jﬂ It et x {rrwan-fras-petid]
= x
& 5] * i Fre | The aolar ftuaet db twe b wath 26 Incdent flus
We report In Table JIT the group t scqlie Qux for cpgea L i) = .",[0]
and 2 mnd 1 Fiyp 1 the acalar fluxes [or coae 3 Al 1
TABLE il
Macroacopic Ceons Secltiond and Lhe THezrete Elgenvalues
Get 1 Fel § Sot 3 Sat 4 Set B
m 2 BARS -0 a2 uTan A bean 2k &2p
my 0 waTea 0 86TAL o BETII 0 EB8EE 1 2tea
Ty 2 gaTa 2 BETA 1 J163 2488 0 MAL
-t o HTE ¢ D4 EAE 1 835 0 4536 0 gMoL42L
Cax 2 Q0ase [ Qirrtad 1 000787 Q00118 0 SOOT3AET
T 0 eI878 0 8501 i -k L] 0 B80T GAL1ATY
- [ 1 3] oo 4 21391 714334 Ll
Byt aa g o ooang 0 DO41F oo
X iRH oo oo oo o4
X3 o 1] 10 1@ od
Diperede Elgenvaluen
2 god02p T 561008 44 TIt0as 13 437881 1 Dod488
4 13207y i 070046 i 182128 -




10

TARLE LI

The Groop 1 Scalar Flux in Twa Slaba
wilh an [mcldent Flux

x thx) aixl’ #1x) iz’
LN LERNN B 0 T4HME LY ¥il-] ] 0 14054
o2 0 3Ed0% O 51225 0 356TE 0 30512
L | 0 AEdRE 0 3BR3T 0481 1E & 3pToz
LI} & 51356 ¢ 4484 L | o a4ndi
LY} 0 52003 0 4EaTE 0 S2dad 0 ATIA
10 0 43805 0 4703y 0 dpd g2 3 4THTS
12 0 43280 O 44 B0 044048 O 4 5801
14 0 36714 0 ABERT 0 Xra5al 0 40843
16 0 28874 D 32158 o 2ATIE 0 J30TE
148 O 2FT 0 32q18 0 2083 0 223i3
2 0 BAdHE 0 0eTEi RLLEE ] 0 1008%

Cauga 1 jumt 1 pel 2]

BCame Tisel 2 et 1)
Cose 2 (et 1 arl I
*Cape 2 fast 2 &nt 1)
VO Tke Crdical Problem
We consbder fwo capea
CaEa Core Hellector
1 Hat 3 e 1
2 Set 4 Set 1

For caee 2 we conmidered only the cape of wpieite Telles
tor bul Jor coes 1 sgcveral refleclor thicknesmes are
coneldered Qur resalte lor the case of mbnile reflectar
are shawp im Table IV ilogeiher wath pereent errars of
&y approximptan reseite  The © approximaion givea
wlightly larger eriticel siZes bat the 75 apprromimation e
gquile pood for the coped contudered here  We report in
Table ¥ our resulte for Oinele seflectors whare v is the
rel¢ctor thicknese b mean fre&e pethe and in Fig 1 the

TABLE IV

CrHtcal Half Thicknean ol the Core and Fercent

Eftard af Py Approaimellsns for the
Cume of the Inflmte Aellector

104
|TI|||muIFhu

Fust Flun

Mormdlized Sestnr Flux

|
|
|
Y I

Qustancd from Corn Cantar wio
Fig 2 The scalar Myses in aslab reactor with sn onifllnde neflesior

pcalar fluzes for cape 1 wilh an infinite caflector  The
fumber of werations: s 51 opd 3% pnd the computatien
tarve v ~@1 and 53 min foc cosen 1 amd 2 respwclively
wilh the Infinite reflector The lung compulption Lee by
pierlly dee 1o Lhe fael Bhat ot of the ealeglatlon must e
petformed 1h complex mode

We have alsc consdered fwo cames of (st reactor
modet uging the cross eecton sets for ™'t U pod "MPu
glren i Bel Z1 The convargence e qulte slow aned ww
hrwe pot gerpued b oligin redeells of reportable accpracy

¥ 0 The Cell Prohlem

We uae gal b for the fuol end oot L for the moderalar &
ealcalals (he thermal cheadvantage fattor deflwed ur

= hefay) ﬁw ta.dx) "’#'/qu.l_ ol dx

where o, 1% tha thermal group scalar Qux wn oedium 7 in
the fuel region we take oy - 0 and in the moderator wa
conander uniform aoarces of thermal neatrons

)

Figura ¥ shows the thermal fluxr (or three fus] thick

Fercenl Errore
Exact
Cans a Py .2
4 15787 ra =1
2 1 1826 19 <01
TABLE V¥

Crltical Hal! Thickaeas {0z Case 1 with a Finlte Reflector

with oy = 1 2 and we reporl in Tahla ¥ iy jhermal
dizadvantige factor Ior several call elzea Thp Sy resalts
wera abtalned by the ANISN code ™ For the exsct calculs
tion the number of iterations and the compubstion tlze ace
af the sama arder a8 for the two slab problem  For the 5a
calculation the computation Hme ia from 12 8 (%) 1o 30 8
{%a] with 20 apatlal mesh poinis in sach of P bkl o
moderalar eeglome ALl 5, resulta for the dlsadvanbigs
Inctor are smalier than out resalls

¥ Begetor Phaysioy Conatents  ANL 5SSO0 Tablo 75 Acgoum Natiosal

Reflector | ]
thichness ¥ o 1 i 3 L] f
Care hall

i ihjckness o | & BYTI5 | B 9L14T | 523752 | 4 TS0A% | 4 3406

oy | | FeX}
W W ENGLE, Jr A User n Mamull for AMIER A OweDimensou]
CHzcrmte Grdastes Toanyport Code wilh Anmotropk: Scatiedng ™ K 1693
Cuk Fadgs Gcosy Inifzuon Pl (1967}
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[yrtance [nwnl
Fig 3 Thee thermad Mux m U Hal? oelks

For amaller cel] mizes the convargenda im Taster if the
egudlionm for the digcrele coeffwcwonts are derved slmply
by appliing Lhe pribogoneliby thenrem be Eqge (683 and (GR)
Ie wilthout steps 2 and 3 ayplhed 1o the egusfhone Tor
the conbifouls ¢oefficientd Thes keeme b Be due 1o Lhe
factora that appegr i the denamomptor n Eqe |70} through
(13} The compuoter program baeed on Egs (74) aod (76
can be modified b0 include this case with an addibion of =
few atalemenis

W1 CoNOLUBKM

For the 1% yrars oOr so tnce Itg 1nteoduction  the
aingular mgenfunction expanalon method has received con
alderable attentlon among students of transpact theory ze
an alegabt approgch Ly é¥act analytlesl soliblionsg  In b
piaal few yeird hawever Lalgrept 1o thig approach hae besn
declining dua to several faclorg auch g

L tx mitatiom to plane grometry

£ mvedability of highly accurate numerical methods
1 developments of otier analyticeal methods
L]

Ite [wildre to mokve ewen the highly idealized modal
problems in {wa wediz and teo groupa due ke the
wver prément slngulicitine

This Male has two purposes  First we have shown that
The Alogularity problem ceo be ellmingted by an echanalon
af the establighed Baxic mmethod 1e  walng only the half

TABLE ¥I

Thermil Tisadvanuage Factor for T wa=51np Cells amud
Feveent Errers of 5y Reaolte

Fercent Errare
Esact
a [ ] E i Sy Ea Su
0 a6 ||l]'5 20270 15 & a9 | d&a 73
LU LN ] 12 045 15 8 24 | DEG a3
[Hl H [H ] 4 24 18 & It (om 236
016 L] ¥ T4ST 28 1 60 | ¥§ aTe
o nG ol 14757 2T &% 84 | %% oTa
ooxs [ Q2 1480 270 4 [ %0 e

rang? grihogmality theorem Clearly the analpticed and
computalipng) aks gre guite Involred and thie soletion
ethod g mod muitable for routine calcolotions Howevar
It can b of ume in pupport of benchmerk actdrities In
providing numericatl solotiong to well dédined model peob
leme We have therelsrs sa the second aim of this Nots
delined thres problems and reported thelr polptiong bagsd
on an exact theory

APPENDIE

The ¥ Runclicnala that sppegr 1n Egs (M) and (75) are
oe follows
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